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It  !•  •howii  that  th*  problem  of  det*nnlnlng  th«  mlnlJirvor 
number  of  o«rrl«rB  required  to  m««t  a  fixed  eshedule  of  trani 
portatlon  can  be  made  Into  a  linear  prog ranwlng  problem.  ( 
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NININIZINO  THE  NUMBER  OF  CAItRIKRE 
TO  MEET  A  FIXED  SCHEDULE 


1.  INTHODUCTIQN 

C.  Tompkins  (sst  [>] )  has  glvsn  a  dlscrsts  idsallzatlon  or 
a  sohsduling  probltm  tihlch  arosa  in  the  routing  of  Navy  fuei  oil 
tankers.  A  combinatorial  problem  of  this  kind  has  also  been  dis¬ 
cussed  by  J.  Robinson  and  J.  Walsh  [2],  together  with  a  proposed 
method  of  computation.  The  algorithm  they  outline,  however,  fails 
to  narrow  the  number  of  possibilities  sufficiently  to  make  It  a 
feasible  computational  method  for  moat  problems. 

In  this  note  we  show  how  the  tanker  scheduling  problem  can 
be  made  Into  a  linear  programming  problem  of  transportation  type, 
albeit  large.  The  else  of  the  system  la  mitigated  somewhat  by  tne 
following  facts:  (i}  most  of  the  variables  are  constrained  to  be 
stro,  (2)  the  minimizing  form  Is  particularly  slmpie,  and  (5)  even 
a  large  transportation  type  problem  having  no  apeoiai  features  can 
be  solved  by  hand  using  the  simplex  algorltlm  [ij . 


THE  PROBLEM 


A  rectangular  array  of  apaeaa  la  fumiahad,  one  roM  for  aaoh 
pickup  point  and  one  eolunn  for  each  diacharge  point.  In  aaoh 

0 

apace  (l,j),  . . . »ra;  J«l,24...,n  Is  a  aequenoe  of  numbers 

t, ,,  k«l,2,...  representing  the  times  at  ehlch  a  tanker  la  to 

load  fully  at  pickup  point  1  to  deliver  to  destination  J.  For 
example.  In  the  array 

i. 

2 

the  sequence  3,  6,  9,  12  In  box  (2,1)  means  that  at  these  times 
a  tanker  Is  to  begin  loading  at  pickup  point  2  for  delivery  to 
discharge  point  1.  Multiple  loads  to  go  from  1  to  J  ean  be  taken 
care  of  by  repetitions  in  the  sequence  t^j.  We  make  the  further 
assumption,  not  made  In  [^] ,  that  the  total  number  of  entries  In 
the  table  t  •  finite. 

In  addition,  two  arrays  of  positive  numbers  a^^  and  are 
given,  where  a.  ^  represents  the  load  lng~t  rave  ling  time  from  1  to 
j,  and  the  unload  ing~t  rave  ling  time  from  J  to  1. 

The  problem  is  to  rearrange  the  numbers  t^^j  Into  e  eequenoes 


such  that 


(2.1)  taoh  etqjanca  le  monotone  Incrmaalng; 

(2*2)  If  t-  .  <  conaacutlv#  numbers  In  any  one 

of  the  a  aequeneet,  then 


kg 

(2.3)  •  la  minimal. 

In  other  woz^a,  each  aequenee  la  a  aehedule  for  one  tanker,  and 
the  objective  la  to  meet  the  fixed  schedule  given  by.  table  t  with 
a  nlnlmua  number  of  tankers. 

If,  In  the  example,  we  take 


“ij  ■  "ij  - 


then  a  feaalble  aehedule  ualng  seven  tankera  would  be  represented 
by  the  rearrangement 


(1) 

‘ii 

-  1  » 

*25 

-  5  , 

*22 

-  7  ,  til  •  i3 

(2) 

‘21 

a 

B 

-  6  . 

*?1 

*  9  •  ^12  ■ 

a 

a 

*ia 

-  9  , 

'U 

-  15 

(*) 

‘1, 

-  6  , 

tig 

-  10, 

-  15 

B 

-  7  , 

4, 

-  10, 

4. 

-  13 

Bl 

(7) 

‘n 

-  10 

• 

3.  RKFORHULATION  AS  A  PR'JGRAIOIINO  PROBLEM 


For  convenience  In  exposition,  ee  euppose  that  the  nambert 

)C 

*^1J’  ^11  positive  Integers.  It  wl.l  be  clear  tlist 

trils  la  not  eaaentlal  to  the  -nethort  of  solution. 

M  It  . 

First  conotruct  the  table  cf  sequences  T  -  (l'|j 

’  i  W 

I  Tnua,  T  are  the  tlmee  when  tankers  ioaJed  at  1  win  arrive  at 


i 


I 


l)ef  Ine 

"al  * 

numt<er 

i>f 

tl.mes 

t^ 

IJ 

•  a 

occurs 

In 

row 

1  of 

ti 

number 

of 

t  Imea 

ink 

IJ 

-  3 

occura 

In 

column  j 

of  T; 

•  "«1 

la  the 

number  of 

tankers 

loading 

al 

1  at 

time 

a  and 

Npj  18  the  number  arriving  at  j  at  time  p.  Thus,  la  defl 


ned 


la  defined  for  .  ,niajc 


and 


for  0*1 •  • .  ,oiax  t 

For  any  schedule,  denote  the  number  of  retsalgnments  from 

dlscnarge  point  j  at  time  B  to  londlrtg  point  !  at  time  o  by 

*  Then  for  all  possible  schedules,  the  Inequalities 

®lpj 

pfjNiVJ  i  "al 

are  eatlafled.  In  addition,  It  foilowa  froir  (2.1)  and  (2.2)  that 

(50) 


hj  > 


l.pU..  -  0  . 


The  ayatem  (3.1)  can  be  made  Into  a  system  of  equailtlee  which 


Is  I  ormall>  of  transportation  type  by  Introducing  non— negative 


slack  variables 
may  be  rewritten  as 


and  z 


•  L  Z  Then  (^.l) 

tt.lW 


(?•-)  Xaipj  *  ypj 

pfj  Niiej  * 

ofl  '  * 

y--  ♦  z 

f.) 


■  'ipj  '  ''pj  ^  ° 


£  N 

P.J  ‘ 


*•1  >  ° 

z  >  0 


pj  ' 


and  hetice  eacn  schedule  leads  to  an  Integral  solution  of  (^.2) 
and  (3***)  xhlch  satisfies  condition  (3*3)  • 

Conversely,  given  any  Integral  solution  cf  (3*2),  (3»3)#  and 
(3*^)>  a  schedule  can  be  constructed  from  It  as  follows:  Each 
Xqi  wl  i  ^  be  the  number  of  tankers  which  atart  their  individual 
schedules  at  time  o  from  i(..sding  point  1;  l.e.,  there  will  be 

If 

X  -  sequences  In  the  rearrangement  which  have  a  t.  ,  -o  as  first 


menber.  Delete  one  such  t 


ch  have  a  t.  ,  as  first 
from  t;  let  0^-  ^  a^ 


Since  N*  ,  >  0  ,  at  least  one  of  the  veriables  .  ,  >•  . 

has  a  positive  value.  Select  one  su;;n. 

‘‘i 

Case  1.  .  o  •  >0  was  selected.  Then  there  Is  a  t.  .  •  a,  . 


since  .  >0.  Asslttn  o.  as  second  member  of  the  sequence. 

Observe  that  by  (3.3) »  ®*»  ^  ^  1  1  * 

^  ®  ~  •  l''o 


V 


t  "  -  t  ^ 

ViJi  Vo 


A. 


’*1  -  “loJ„  " 

o  o  o**©  l*'o 


>  *4 


anJ  (2.2)  la  antlaried.  Strike  out  from  t  And  reduoA 

ShVo  •  Vo  ' 


« 


v-<" 


CAac  2.  .  >0  was  selected.  In  this  cate  the  eequenoe  ends 


with  o. 


Reduce  j. 


»»o-»o  ' 


FL  .  by  unity 


V  V  w 

If  CHie  i  obtained,  let  0^  •  ^4  ■*"  i 

1  1 


and 


examine  the  va'iueo  of  the  variables 


one  cf  these  must  be  positive.  App.y  either  Case  1  or  Case  ? 


with  Oj  playing  the  role  of  a^.  Repetition  of  the  procedure  out¬ 


lined  must  eventually  end  wltri  the  selection  of  some  fm  4  >  0 

Vk 


(aint'S  t'y  (30)*  a  <  P  Implies  *  ^)»  l^hus  completing  one 

of  the  sequences.  The  others  can  be  gotten  in  the  ssjte  way* 

Notl  :s  that  while  many  achsdules  can  b#  eonstrueted  from 

an  intagral  solution  of  (3«2),  (3«5).  and  (3***)*  the  only  phyalcnl 

dirrertnce  betweer  iww  such  le  that  there  may  be  more  than  one  . 

tanker  available  at  the  same  time  at  some  discharge  point,  in  wnloh 

cese  they  are  Interutiungeabie . 

Ttiua,  the  tanker  acheduilng  prot*lem  can  be  viewed  as  one  of 

minimizing  £  x^.  ,  i.he  number  of  sequencee  In  a  rearrangement 

®,l 

(or  what  la  the  earns  thing,  maxlmlelng  the  variable  a),  over  the 
eet  of  Integral  aolutlona*  of  (^.?>  and  (;i.t)  in  which  the 


'^Such  whole  number  aoiutlune  alweya  exist,  e.g.,  take  all 


X  ...  -  0.  This  eorreaponda  to  the  worst  posslbls  schsduis  of 
aipj 


osslgnlng  n  dlfftrent  tanksr  for  saon  trip. 


t 


variabits  daalgnatad  by  {3.))  ara  fixad  at  ztro.  But  It  It  ••11 

known  £1^  that  tha  maxlmun  of  a  linear  form  defined  over  all 

•oiutlona  of  (3*2)  and  (3-^)  la  alwaya  aaauMd  at  acme  Integral  '  5 

«  ^ 

aolution,  and  it  la  eaay  to  aee  that  thla  fact  la  not  altered 
by  iBpoalng  additional  conatralnta  of  the  form  •  0  .  Hence 

the  scheduling  problem  can  be  solved  by  the  almplex  algorithm, 
alnce  the  nature  of  the  algorithm  Is  auch  aa  to  obtain  a  required 
.integral  solution.  Moreover,  the  algorithm  la  extremely  simple 
to  apply  when  the  problem  la  of  transportation  type,  aa  is  this 
one.  * 

It  la  obvloua  also  that  linear  programming  can  be  used  to 
optimise  aoheduies  with  respect  to  other  costs.  For  example, 
it  would  be  aimply  a  matter  of  changing  the  minimising  form, 
holding  s  fixed,  to  find  a  schedule  for  a  given  number  of  tankers 
which  has  the  least  sailing  time. 

4.  A  HUMgRICAL  EXAMfU: 

We  continue  with  the  example  of  §?.  First  form  the  table  of 
arrival  times 

1 

T  • 

2 


1  ?  3 


3,  6,  9,  .2,  13 

12,  18 

6,  14 

t.  7,  10.  13 

9.  12.  1^.  17 

6,  11,  16 

Using  this  table  and  the  one  of  loading  times,  compute  all  n^^ 


^  Lti 


"  •'HC*' 

,  "TW  % 


jid 


•  -  ^  1 

Afttr  discarding  thoaa  rows  and  columns  having  or^ 


ztrOf  on#  la  Isft  with  ths  transportation  problsm  shosa 
onstralnts  ara  indlnatad  achamatleally  In  Fig.  1.  Crossad  out 
ells  mean  that  tha  corraapondlng  varlabla  la  oonatralnad  to  ba 

s 

ero  by  (3*5) •  Tha  solution  shown  In  Fig.  1  eorrasponds  to  tha 
ohtdula  using  sevtn  tankars  givan  in  ^2.  This  Is  a  daganarata 
oiuti ;n  to  tha  programming  problam  and  so  it  is  naoassary  In 
pplylng  tha  simplex  a^e^orlthm  to  pick  out  othar  basic  varlablas 
;ivlng  zaro  values.  Ona  way  of  doing  this  is  shown  in  Fig.  1  by 
ha  placamant  of  tha  O's. 

An  optimal  solution,  raaohad  after  s  faw  itarations,  is 
hown  In  Pi 2.  It  corrasponds  to  tha  following  slx-tankar 
chadula: 


RHK£R£NCi:;d 
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